
9.3 Visibility graphs

Suppose we compute the visibility graph G of a set

of polygons A U B. Denote by EA the (set of) edges

of A. Note that as a graph, EA C G. Now, compute

the visibility graph G(6) of A(6) u l?. Define ~A(d)

to be edges of A(O), so EA (0) C G(6). Unless pure

rotations are used, the lengths of the edges in EA will

be from the edges in EA (6). Most disturbing! This

application arises in motion planning for a robot that

can rotate, where A models the robot and B models

the environment.

9.4 Graphics transformations

Many computer graphics applications are character-

ized by large databaaes of polygons with integer ver-

tex coordinates. Homogeneous transformations must

be applied to these very rapidly, perhaps many times

a second. Floating point coefficients are a possibility,

but another approach that has been successful for ex-

tracting good performance from inexpensive integer-

only processing units is to use rational transformation

coefficients with a restricted number of bits, say n. In

the 3D case, the transformation matrix ill is 4 x 4,

and the desired transformation of a vertex [vo, VI, V2]

is as follows:

(Mi3 + ~~=o Mij vj
V: =round

)

9
w

where w = M33 + ~~=o M3j Vj

Careful rewriting allows this to be calculated with

15 integer multiplies and three divides. Additional

economies are possible when the structure of M is

restricted.

Our algorithms are useful for forming M. Typi-

cally, it will be the concatenation of several transfor-

mations, say rotation, scaling, and perspective. We

create a pure rotation first using some heuristic choice

for its accuracy, perhaps 2-‘/4 radians. Then we

concatenate the desired scaling and perspective in a

floating point or arbitrary precision matrix, and ap-

proximate its entries as accurately as possible with-

out overflowing n bits in the result. A conservative

tolerance is not hard to derive.

10 Relation to Algebraic

Geometry

Algebraic geometry points to generalizations of this

work: eq. (2) is a genus O curve, which implies it

can be parameterized in one variable t. Our char-

acterization of rational sines results from the choice

x = t(y – 1) (i.e., substitution in (2) yields y =

(t2 – 1)/(t2 + 1) = fl(2/(t + l/t))). All quadratic

curves have similar parameterizations. These yield

algorithms for short rational hyperbolic sines and

cosines (for example). [Sha77] gives a genleral param-

etrization method and also explores its limitations

for algebraic functions of higher degree. Note that

this technique will not work in general; for example

it won’t work for elliptic functions!

Then the following interesting question arises: Re-

call the “one-bit-from-optimal” property we prove for

the rational sine parameterization. We ask: Do such

parameterizations of all quadratic curves have this

property?

In partial answer, we believe they do not. The

question devolves to answering the following:

Question: Given an algebraic curve C defined by

f(x, y) =0, Of total degree 2 and genus O.

Pick a rational point (xo, yo) on the curve. Con-

sider a line i(t) through (xo, yo) with rational slope t.

Then the other intersection (x, y) of l(t) with C is a

rational point. Hence, t parametem”zes all such ratio-

nal points (x, y). Moreover, the choice of (xo, yo) is

canonical.

So let t be the rational p/q, and consider the equa-

tion f(x, y. + (p/q)(x – Xo)) = O. Solve (’by quadratic

formula) to get x = g(p, q)/h(p, q), where g and h are

relatively prime integer polynomials.

Then, for any relatively prime p, q is

gcd(g(p> q), h(p>q)) s 2?

We believe that gcd(g(p, q), h(p, q) can be as large

as the product of the coefficients of f. It remains to

demonstrate this as an upper or lower bound.
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