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Abstract

We proposea dynamic Bayesianmodel for motifs in biopolymer se-
quenceswvhich capturesich biological prior knowledgeand positional
dependencied motif structurein a principledway. Our modelposits
thatthe position-speci cmultinomial parameteréor monomenmdistribu-

tion aredistributedasa latentDirichlet-mixturerandomvariable andthe
position-speci cDirichlet components determinedy a hiddenMarkov

process. Model parameterganbe t on training motifs using a vari-

ational EM algorithmwithin an empirical Bayesianframewvork. Varia-
tionalinferenceis alsousedfor detectinghiddenmotifs. Our modelim-

provesover previous modelsthatignorebiological priorsandpositional
dependencelt hasmuch higher sensitvity to motifs during detection
anda notableability to distinguishgenuinemotifs from falserecurring
patterns.

1 Intr oduction

Theidenti cation of motif structuresn biopolymersequencesuchasproteinsand DNA
is animportanttaskin computationabiology andis essentiain advancingour knowledge
aboutbiological systems. For example,the generegulatory motifs in DNA provide key
cluesaboutthe regulatory network underlyingthe complex control and coordinationof
geneexpressiorin responseo physiologicalor environmentalchangesn living cells[11].

Therehave beenseverallines of researcton statisticalmodelingof motifs [7, 10], which
have led to algorithmsfor motif detectionsuchasMEME [1] andBioProspectof9] Un-
fortunately althoughthesealgorithmswork well for simple motif patternspftenthey are
incapableof distinguishingwhatbiologistswould recognizeasatrue motif from arandom
recurringpattern[4], andprovide no mechanisnfor incorporatingbiologicalknowledgeof
motif structureandsequenceompoaosition.

Most motif modelsassuméndependencef position-speci cmultinomial distributionsof
monomersuchasnucleotidegnt) andanimoacids(aa). Suchstratgyiescontradictourin-
tuition thatthe sitesin motifs naturallypossesspatialdependenciefor functionalreasons.
Furthermorethe vagueDirichlet prior usedin someof thesemodelsactsasno morethan
a smoothertaking little consideratiorof therich prior knowledgein biologically identi-
ed motifs. In this paperwe describea new modelfor monomerdistribution in motifs.
Our modelis basedon a nite setof informative Dirichlet distributionsanda ( rst-order)
Markov modelfor transitionsbetweenDirichlets. The distribution of the monomersis



a continuousmixture of position-speci cmultinomialswhich admita Dirichlet prior ac-
cordingto the hiddenMarkov statesjntroducingboth multi-modalprior informationand
dependenciedVe alsoproposea framevork for decomposinghegeneraimotif modelinto
alocalalignmentmodelfor motif patternandaglobalmodelfor motif instancedistribution,
which allows complex modelsto be developedin amodularway.

To simplify ourdiscussionywe useDNA motif modelingasarunningexamplein this paper
thoughit shouldbeclearthatthemodelis applicableto othersequencenodelingproblems.

2 Preliminaries

DNA motifs areshort(about6-30bp) stochastistringpatterngFigurel) in theregulatory
sequencesf genesthat facilitate control functionsby interactingwith speci ¢ transcrip-
tional regulatoryproteins.Eachmotif typically appearonceor multiple timesin the con-
trol regionsof a small setof genes.Eachgeneusuallyharborsseveral motifs. We do not
know the patternsof mostmotifs, in which genethey appearandwherethey appear The
goal of motif detectionis to identify instance®of possiblemotifs hiddenin sequenceand
learnamodelfor eachmotif for future prediction.
A regulatoryDNA sequenceanbefully speci edby acharactestring

A T,C,G ,andanindicatorstring thatsignalsthelocationsof the motif occurrences.
Thereasorto call a motif a stochasticstring patternratherthana word is dueto the vari-
ability in the “spellings” of differentinstance®f the samemotif in the genome.Corven-
tionally, biologistsdisplaya motif pattern(of length ) by amulti-alignment of all its
instancesThestochasticityof motif patterngs re ectedin theheterogeneitpf nucleotide
speciesappearingn eachcolumn(correspondingdo a positionor site in the motif) of the
multi-alignment. We denotethe multi-alignmentof all instanceof a motif speci ed by

theindicatorstring in sequence by . Sinceary canbe characterized
by the nucleotidecountsfor eachcolumn,we de ne a countingmatrix (or ),
whereeachcolumn is anintegervectorwith four elementsgiving the

numberof occurrencesf eachnucleotideat position of the motif. (Similarly we cande-

ne thecountingvector for thewholesequence.) With thesesettingsonecanmodel
the nt-distribution of a position of the motif by a position-speci cmultinomialdistribu-

tion, . Formally, the problemof inferring and
(oftencalleda position-weightmatrix, or PWM), givena sequencaet
, is motif detectionin anutshell*.
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Figurel: Yeastmotifs (solid line) with  30bp ank-  Figure2: (Left) A generaimotif model
ing regions (dashedline). The axis indexes posi- is a Bayes-iamrmultinet. Conditionalon
tion andthe axis representghe information content thevalueof , admitsdifferentdistri-
of themultinomialdistribution  of ntatpo- butions (round-corneredoxes) param-
sition . Notethetwo typical patterns:the U-shapeand eterizedby . (Right) The HMDM
thebell-shape. modelfor motif instancespeci®edoy a
given . Boxesare platesrepresenting
replicates.

IMultiple motif detectioncan be formulatedin a similar way, but for simplicity, we omit this
elaboration. Seefull paperfor details. Also for simplicity, we omit the superscript (sequence
index) of variable and in whereverit is unnecessary



3 Generative modelsfor regulatory DNA sequences
3.1 Generalsettingand relatedwork

Without lossof generality assumehatthe occurrence®f motifs in a DNA sequenceas
indicatedby , aregovernedby a globaldistribution ; for eachtype of motif,
the nucleotidesequenc@atternsharedby all its instancesadmitsa local alignmentmodel

. (Usually; the backgroundnon-motif sequenceare modeledby a
simple conditionalmodel, , Wherethe backgroundnt-distribution
parameters  areassumedo belearneda priori from the entiresequencendsupplied
as constantsn the motif detectionprocess.) The symbols , , standfor
the parameters&ind model classesn the respectie submodels.Thus,the likelihood of a
regulatorysequence is:

1)

where . Notethat hereis notnecessarilgquialentto theposition-speci ¢
multinomial parameters in Eq. 2 below, but is a genericsymbolfor the parametersf a
generamodelof alignedmotif instances.

The model capturespropertiessuchas the frequenciesof different motifs
and the dependenciebetweenmotif occurrences.Although specifyingthis modelis an
importantaspecobf motif detectionandremaindargely unexplored,we deferthis issueto
futurework. In the currentpaper our focusis on capturingthe intrinsic propertieswithin
motifs that canhelp to improve sensitvity andspeci city to genuinemotif patterns.For
thisthekey liesin thelocal alignmentmodel , which determineghe
PWM of the motif. Dependingon the value of the latentindicator  (a motif or not
at position ), admitsdifferentprobabilisticmodels,suchasa motif alignmentmodel
or a backgroundnodel. Thussequence is characterizedy a Bayesianmultinet[6], a
mixture modelin which eachcomponenbf the mixtureis a speci ¢ nt-distribution model
correspondingo sequencesf a particularnature.Our goalin this paperis to developan
expressve local alignmentmodel capableof capturingcharacteristic
site-dependencign motifs.

In the standardproduct-multinomial(PM) model for local alignment,the columnsof a
PWM areassumedo beindependenf9]. Thusthelikelihoodof amulti-alignment is:

)

Althoughapopularmodelfor mary motif nders, PM neverthelesss sensitve to noiseand
randomor trivial recurrentpatterns,andis unableto capturepotentialsite-dependencies
insidethe motifs. Pattern-drivenauxiliary submodelge.g.,the fragmentatiormodel[10])
or heuristics(e.g.,split a'two-block' motif into two coupledsub-motifs[9, 1]) have been
developedto handlespecialpatternssuchasthe U-shapedmotifs, but they arein e xible
anddif cult to generalize Someof theliteraturehasintroducedvagueDirichlet priorsfor
in the PM [2, 10], but they are primarily usedfor smoothingratherthanfor explicitly
incorporatingprior knowledgesaboutmaotifs.
We departfrom the PM modelandintroducea dynamichierarchicalBayesianmodelfor
motif alignment , whichcapturesitedependenciessidethe motif sothatwe canpredict
biologically moreplausiblemotifs, andincorporateprior knowledgeof nucleotidefrequen-
ciesof generalmotif sites. In orderto keepthe local alignmentmodelour mainfocusas
well assimplifying the presentationwe adoptanidealizedglobalmotif distribution model
called“one-persequencel8], which, asthe namesuggestsassumegachsequencéar
borsonemotif instancgatanunknownnlocation). Generalizatioo moreexpressve global
modelsis straightforwardandis describedn thefull paper



3.2 Hidden Mark ov Dirichlet-Multinomial (HMDM) Model

In the HMDM model,we assumeéhatthereare underlyinglatentnt-distribution proto-

types,accordingto which position-speci cmultinomialdistributionsof nt aredetermined,
andthateachprototypeis representetdy a Dirichlet distribution. Furthermorethe choice

of prototypeat eachpositionin the motif is governedby a rst-order Markov process.

More preciselyamulti-alignment containing motif instancess generatedy the
following process.First we samplea sequenc®f prototypeindicators

from a rst-order Markov processwith initial distribution andtransitionmatrix . Then
we repeathefollowing for eachcolumn : (1) A componenfrom amixture
of Dirichlets , Whereeach , is picked according

toindicator . Saywe picked . (2) A multinomialdistribution is sampledaccording
to , the probabilityde ned by Dirichlet component overall suchdistributions. (3)
All thenucleotidesn column aregenerated.i.d. accordingto Multi

Thecompletdik elihoodof motif alignment characterizetby countingmatrix is:

®3)

The majorrole of HMDM is to imposedynamicpriors for modelingdatawhosedistribu-
tions exhibit temporalor spatialdependenciesAs Figure 2(b) makesclear, this modelis
notasimpleHMM for discretesequencedn suchamodelthetransitionwould bebetween
theemissionmodels(i.e., multinomials)themseles,andthe outputat eachtime would be
a single datainstancein the sequence.ln HMDM, the transitionsare betweendifferent
priors of the emissionmodels,andthe direct outputof the HMM is the parametewector
of a generatre model,which will be sampledmultiple timesat eachpositionto generate
randominstances.

This approachs especiallyusefulwhenwe have eitherempiricalor learnedprior knowl-
edgeaboutthedynamicsof the datato bemodeled.For example for the caseof motifs, bi-
ologicalevidenceshav thatconseredpositions(manifestedy alow-entropy multinomial
nt-distribution) are likely to concatenateand maybeso do the lessconsered positions.
However, it is unlikely that consered and lessconsered positionsare interpolated[4].
Thisis calledsite clustering andis oneof the mainmotivationsfor the HMDM model.

4 Inferenceand Learning

4.1 Variational BayesianLearning

In orderto do Bayesiarestimationof the motif parameter , andto predictthelocationsof
motifinstancewia , weneedo beableto computeheposteriodistribution , Which
is infeasiblein a complex motif model. Thuswe turn to variationalapproximatiori5]. We
seekto approximatehe joint posteriorover parametersind hiddenstates

with asimplerdistribution , Where and canbe,for
thetime being,thoughtof asfreedistributionsto be optimized.Using Jensers inequality
we have thefollowing lower foundonthelog likelihood:

4)
KL
Thus,maximizingthelower boundof thelog likelihood(call it ) with respect
to freedistributions  and is equivalentto minimizing the KL divergencebetween

thetruejoint posteriorandits variationalapproximation Keepingeither  or x ed



andmaximizing with respecto theother, we obtainthefollowing coupledupdates:
®)
(6)

In our motif model,the prior andthe conditionalsubmodeldorm a conjugate-gponential
pair (Dirichlet-Multinomial). It canbe shavn thatin this casewe canessentiallyrecover
the sameform of the original conditionaland prior distributionsin their variationalap-
proximationsexceptthatthe parameterizatiois augmentedvith appropriateBayesiarand
posteriorupdatesrespectiely:
(7
8
where ( is thenaturalparameterand .
As Egs.7 and8 make clear, thelocality of inferenceandmarginalizationon the latentvari-
ablesis preseredin thevariationalapproximationwhich meangrobabilisticcalculations
canbe performedin the prior andthe conditionalmodelsseparatelyanditeratively. For
motif modeling,this modularpropertymeansthat the motif alignmentmodeland motif

distribution modelcanbetreatedseparatelyith a simpleinterfaceof the posteriormean
for the motif parameterandexpectedsufcient statisticsfor the motif instances.

4.2 Inferenceand learning

Accordingto Eq. 8, we replacethe countingmatrix in Eq. 3, which is the outputof the
HMDM model,by the expectedcountingmatrix ~ obtainedirom inferencein theglobal
distribution model (we will handlethis later, thanksto the locality preseration property
of inferencein variationalapproximations)and proceedwith the inferenceasif we have
“obsenations” . Integratingover , we have the mamginaldistribution:

9)
astandardHMM with emissionprobability:

(10)

We cancomputethe posteriorprobability of the hiddenstates andthe matrix of
co-occurrenc@robabilities usingstandardorward-backvardalgorithm.

We next computethe expectationof the naturalparametergwhich is for multinomial
parameters)Giventhe“obsenations” , theposteriormeanis computedasfollows:

(11)

where is the posteriorprobability of the hiddenstate(an output of the forward-

backwardalgorithm)and —— —— isthedigammafunction.

Following Eq. 7, giventhe posteriormeansof the multinomial parameters;omputingthe
expectedcountingmatrix underthe the one-persequenceglobal modelfor sequence
set is straightforvardbasedn Eq. 2 andwe simply give the nal results:

— (12)



Posterior Dirichlet parameters

where —

13)
Bayesiarestimateof the multinomial parametersor the position-speci cnt-distribution
of themotif areobtainedvia x ed-pointiterationunderthefollowing EM-lik e procedure:

Variational E step Computethe expectedsufcient statistic,the countmatrix
, viainferencein the global motif modelgiven

Variational M step Computethe expectednaturalparameter via infer-
encein thelocal motif alignmentmodelgiven

This basicinferenceand learningprocedureprovides a frameavork that scalesreadily to

morecomplex models.For example,the motif distribution model canbemademore
sophisticatedso asto model complex propertiesof multiple motifs such as motif-level

dependenciee.g.,co-occurrencegverlapsandconcentratiorwithin regulatorymodules)
withoutcomplicatingtheinferencan thelocal alignmentmodel. Similarly, themotif align-

mentmodelcanalsobe moreexpressie (e.g.,a mixture of HMDMs) without interfering
with inferencein the motif distribution model.

5 Experiments

We testthe HMDM modelon a motif collectionfrom The PromoterDatabaseof Sacta-
romyce<gerevisiae(SCPD).Our datasetontaingwenty motifs, eachhas6 to 32 instances
all of whichareidenti ed via biologicalexperiments.

We beggin with an experimentshoving hov HMDM can captureintrinsic propertiesof
the motifs. The posteriordistribution of the position-speci cmultinomial parameters,
re ected in the parameter®f the Dirichlet mixtureslearnedfrom data,canrevealthe nt-
distribution patternsof themotifs. Examiningthetransitionprobabilitiesbetweerdifferent
Dirichlet componentdgurther tells us the aboutdependenciebetweenadjacentpositions
(which indirectly revealsthe “shape”information). We setthe total numberof Dirichlet
componentgo be 8 basedon an intelligent guess(using biological intuition), and Fig-
ure 3(a)shawvstheDirichlet parameterdted from the datasetiia empiricalBayesestima-
tion. Amongthe 8 Dirichlet componentsnumbersl-4 favor a puredistribution of single
nucleotides, T, G, C, respectiely, suggestinghey correspondo “homogeneousproto-
types.Whereasnumbers7 and8 favor a nearuniform distribution of all 4 nt-typeshence
“heterogeneousprototypes Component$ and6 aresomevhatin between Suchpatterns
agreewell with thebiologicalde nition of matifs. Interestinglyfrom thelearnedransition
modelof the HMM (Figure3(b)), it canbe seenthatthe transitionprobability from a ho-
mogeneouprototypeto a heterogeneougrototypeis signi cantly lessthanthatbetween
two homogeneousr two heterogeneougrototypes,con rming an empirical speculation
in biology thatmotifs have the so-calledsite clusteringproperty[4].
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Figure3: (a) Dirichlet hyperparametergb) Markov transitionmatrix. (c) Boxplotsof hit andmishit
rateof HMDM(1) andPM(2) on two motifs usedduringHMDM training.

Are the motif propertiescapturedn HMDM usefulin motif detection?We rst examine
anHMDM trainedonthecompletedatasefor its ability to detectmotifsusedin trainingin
the presencef a“decoy”: a permutedmotif. By randomlypermutingthe positionsin the



motif, the shape®f the “U-shaped’motifs (e.g.,abflandgald) changedramatically’> We

inserteachinstanceof motif/decq pairinto a 300-500bp randombackgroundequencat

randomposition and .2 Weallow a 3 bp offsetasatolerancewindow, andscorea hit

when (andamis-hitwhen ), where is theposition
whereamotif instancas found. The (mis)hitrateis the proportionof (mis)hitsto thetotal

numberof motif instanceso befoundin anexperiment.Figure3(c) shavs aboxplotof the

hit andmishit rateof HMDM on abfl andgal4 over 50 randomlygeneratedxperiments.
Notethe dramaticcontrasiof the sensitvity of the HMDM to true motifs comparedo that

of thePM model(whichis essentiallithe MEME model).

abfl gald gend gorl abfl gald gena gerl
1 1 =1 1 1 T 1 T 1= 1 1
T - - T - .
- + + T + [
08 E T F 08 | 08 + $ & o8| . & =) 08 % =] 08 } 08f . 5 F _] 08 R
06| 1 06 0.6 N T 06+ ¥ L 0.6 + 0.6 | osf* ! 06) |
+ - o0
04| + 04 0.4 1 oa T 0.4 0.4 | 04r + 0.4 |
+
02 02 02 * 02 02 02 02 02 1
P + = $
oL+ EES 0 0 + + 0 + 0 0 0 Ed 0 Ed
12 3 4 12 3 4 12 3 4 12 3 4 1 4 12 3 a4 12 3 a4 12 3 4
mat a2 mcb migl crp meb migl crp

1[5 7

1 7 1 1 = <
0.8 ! T + + 08 B 08 08 08f - —
06 06 ! $ T i 06 g ‘ 0.6 + 0.6 0.6 ‘
0.4 + 0.4 " 0.4 0.4 L 04 04 04
02 02 t 02| 02 N 02 02 02
0 oole = +] olx + ] o bl 3 0 E= = o 0
3 1

© T (@) truemotif only (b) truemotif + decy
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is for 80 randomlygenerate@xperimentgthe centerof the notchis themedian).
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How well doesHMDM generalize\Ve split our datainto a training setanda testingset,
andfurther divide the training setroughly basedon bell-shapedand U-shapedpatternso
train two differentHMDMSs, respectiely, and a mixture of HMDMs. In the rst motif
nding task,we are given sequencesachof which hasonly onetrue motif instanceat a
randomposition. Theresultsaregivenin Figure4(a). We seethatfor 4 motifs, usingan
HMDM or the HMDM-mixtures signi cantly improvesperformanceover PM model. In
threeothercaseghey arecomparablebut for motif mch all HMDM modeldose.Notethat
mchis very“consened; whichis in fact“atypical” in thetrainingset.lIt is alsovery short,
whichdiminishegheutility of anHMM. Anotherinterestingobsenationfrom Figure4(a)
is that even whenboth HMDMs perform poorly, the HMDM-mixtures canstill perform
well (e.g., mat-ad, presumablybecausenf the extra e xibility provided by the mixture
model.

The secondaskis morechallengingandbiologically morerealistic,wherewe have both
thetrue motifs andthe permuted‘decoys”” We shaw only the hit-rateover 80 experiments
in Figure4(b). Again,in mostcasedHMDM or the HMDM mixture outperformsPM.

6 Conclusions

We have presente@ generatie probabilisticframewvork for modelingmotifsin biopolymer
sequencesNaively, categyorical randomvariableswith spatial/temporatlependenciesan
be modeledby a standardHMM with multinomialemissiormodels.However, thelimited

e xibility of eachmultinomialdistributionandthe concomitanheedfor a potentiallylarge
numberof statego modelcomplex domainsmayrequirea large parametecountandlead
to over tting. Thein nite HMM [3] solwe this issueby replacingthe emissiormodelwith

a Dirichlet processvhich providespotentiallyin nite e xibility. However, this approach
is purely data-driven and providesno mechanisnfor explicitly capturingmulti-modality

2By permutationwe meaneachtime the samepermutecbrderis appliedto all theinstancesf a
motif sothatthe multinomialdistribution of eachpositionis not changedut their orderchanged.

3We resistedthe temptationof using biological backgroundsequencedecauseve would not
know if andhow mary othermotifs arein suchsequencesyhichrenderghemill-suited for purposes
of evaluation.



in the emissionandthetransitionmodelsor for incorporatinginformative priors. Further
more, whenthe outputof the HMM involves hiddenvariables(as for the caseof motif
detection)jnferenceandlearningis furthercomplicated.

HMDM assumethatpositionaldependencieareinducedatahigherlevel amongthe nite
numberof informative Dirichlet priors ratherthanbetweenthe multinomialsthemseles.
Within suchaframeawork, we canexplicitly capturethemulti-modalitiesof themultinomial
distributionsgoverningthe catgyorical variable(suchas motif sequenceat differentposi-
tions) andthe dependenciebetweenmodalities,by learningthe model parametergrom
trainingdataandusingthemfor future predictions.In motif modeling,sucha stratgy was
usedto capturedifferentdistribution patternsof nucleotideghomaeneousandhetepge-
neou$ andtransitionpropertieshetweernpatterng(site clustering. Sucha prior provesto
bebene cialin searchindor unseemmotifsin ourexperimentandhelpsto distinguishmore
probablemotifs from biologically meaninglessandomrecurrenfpatterns.

Although in the motif detectionsettingthe HMDM modelinvolves a complex missing
dataproblemin which both the outputandthe internal statesof the HMDM arehidden,
we shav that a variationalBayesianlearningprocedureallows probabilisticinferencein
the prior modelof motif sequenceatternsandin the global distribution model of motif
locationsto be carriedout virtually separatelywith a Bayesianinterface connectingthe
two processes.This divide and conquerstrateyy makesit much easierto develop more
sophisticateanodelsfor variousaspectof motif analysiswithout beingoverturdenecby
the someavhatdauntingcomplexity of thefull motif problem.
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