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Abstract

We proposea dynamicBayesianmodel for motifs in biopolymerse-
quenceswhich capturesrich biological prior knowledgeandpositional
dependenciesin motif structurein a principledway. Our modelposits
that theposition-speci�cmultinomialparametersfor monomerdistribu-
tion aredistributedasa latentDirichlet-mixturerandomvariable,andthe
position-speci�cDirichlet componentis determinedby ahiddenMarkov
process.Model parameterscan be �t on training motifs using a vari-
ationalEM algorithmwithin an empiricalBayesianframework. Varia-
tional inferenceis alsousedfor detectinghiddenmotifs. Our modelim-
provesover previousmodelsthat ignorebiologicalpriorsandpositional
dependence.It hasmuchhigher sensitivity to motifs during detection
anda notableability to distinguishgenuinemotifs from falserecurring
patterns.

1 Intr oduction

Theidenti�cation of motif structuresin biopolymersequencessuchasproteinsandDNA
is animportanttaskin computationalbiology andis essentialin advancingour knowledge
aboutbiological systems.For example,the generegulatorymotifs in DNA provide key
cluesaboutthe regulatorynetwork underlyingthe complex control and coordinationof
geneexpressionin responseto physiologicalor environmentalchangesin living cells[11].
Therehave beenseveral linesof researchon statisticalmodelingof motifs [7, 10], which
have led to algorithmsfor motif detectionsuchasMEME [1] andBioProspector[9] Un-
fortunately, althoughthesealgorithmswork well for simplemotif patterns,often they are
incapableof distinguishingwhatbiologistswould recognizeasa truemotif from arandom
recurringpattern[4], andprovidenomechanismfor incorporatingbiologicalknowledgeof
motif structureandsequencecomposition.
Most motif modelsassumeindependenceof position-speci�cmultinomialdistributionsof
monomerssuchasnucleotides(nt) andanimoacids(aa).Suchstrategiescontradictour in-
tuition thatthesitesin motifsnaturallypossessspatialdependenciesfor functionalreasons.
Furthermore,thevagueDirichlet prior usedin someof thesemodelsactsasno morethan
a smoother, taking little considerationof the rich prior knowledgein biologically identi-
�ed motifs. In this paperwe describea new model for monomerdistribution in motifs.
Our modelis basedon a �nite setof informative Dirichlet distributionsanda (�rst-order)
Markov model for transitionsbetweenDirichlets. The distribution of the monomersis



a continuousmixture of position-speci�cmultinomialswhich admit a Dirichlet prior ac-
cordingto thehiddenMarkov states,introducingbothmulti-modalprior informationand
dependencies.Wealsoproposeaframework for decomposingthegeneralmotif modelinto
alocalalignmentmodelfor motif patternandaglobalmodelfor motif instancedistribution,
whichallowscomplex modelsto bedevelopedin amodularway.
To simplify ourdiscussion,weuseDNA motif modelingasarunningexamplein thispaper,
thoughit shouldbeclearthatthemodelis applicableto othersequencemodelingproblems.

2 Preliminaries

DNA motifsareshort(about6-30bp)stochasticstringpatterns(Figure1) in theregulatory
sequencesof genesthat facilitatecontrol functionsby interactingwith speci�c transcrip-
tional regulatoryproteins.Eachmotif typically appearsonceor multiple timesin thecon-
trol regionsof a smallsetof genes.Eachgeneusuallyharborsseveralmotifs. We do not
know thepatternsof mostmotifs, in which genethey appearandwherethey appear. The
goalof motif detectionis to identify instancesof possiblemotifs hiddenin sequencesand
learnamodelfor eachmotif for futureprediction.
A regulatoryDNA sequencecanbefully speci�edbyacharacterstring ���������	��
�
�

���������

�

A,T,C,G�

� , andanindicatorstring � thatsignalsthe locationsof themotif occurrences.
Thereasonto call a motif a stochasticstringpatternratherthana word is dueto thevari-
ability in the“spellings” of differentinstancesof thesamemotif in thegenome.Conven-
tionally, biologistsdisplayamotif pattern(of length � ) by amulti-alignment� of all its �

instances.Thestochasticityof motif patternsis re�ectedin theheterogeneityof nucleotide
speciesappearingin eachcolumn(correspondingto a positionor site in themotif) of the
multi-alignment. We denotethe multi-alignmentof all instancesof a motif speci�ed by
the indicatorstring � in sequence� by ����������� . Sinceany ����������� canbe characterized
by thenucleotidecountsfor eachcolumn,we de�ne a countingmatrix ������� (or ����������� ),
whereeachcolumn  �"!���#$��!%�	��
�
�

�&��!('*) is anintegervectorwith four elements,giving the
numberof occurrencesof eachnucleotideat position + of themotif. (Similarly we cande-
�ne thecountingvector

 
��, for thewholesequence� .) With thesesettings,onecanmodel

thent-distribution of a position + of themotif by a position-speci�cmultinomialdistribu-
tion, -*!.�/#0-*!1�2��
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��-*!3'*) . Formally, theproblemof inferring 45�
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� , is motif detectionin anutshell1.
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Figure1: Yeastmotifs (solid line) with ? 30 bp �ank-
ing regions (dashedline). The @ axis indexes posi-
tion and the A axis representsthe information content
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Figure2: (Left) A generalmotif model
is a Bayes-ianmultinet. Conditionalon
thevalueof @ , A admitsdifferentdistri-
butions (round-corneredboxes) param-
eterizedby N . (Right) The HMDM
modelfor motif instancesspeci®edby a
given @ . Boxesareplatesrepresenting
replicates.

1Multiple motif detectioncan be formulatedin a similar way, but for simplicity, we omit this
elaboration. Seefull paperfor details. Also for simplicity, we omit the superscriptO (sequence
index) of variable @ and A in wherever it is unnecessary.



3 Generative modelsfor regulatory DNA sequences
3.1 Generalsettingand relatedwork

Without lossof generality, assumethat theoccurrencesof motifs in a DNA sequence,as
indicatedby � , aregovernedby aglobaldistribution �������

:��

���

�

� ; for eachtypeof motif,
thenucleotidesequencepatternsharedby all its instancesadmitsa local alignmentmodel

��� ������������� ���

:

! ��� ! � . (Usually, the backgroundnon-motif sequencesaremodeledby a
simpleconditionalmodel, ���0�
	 � �0� ��� ��� ���

:
���

� , wherethe backgroundnt-distribution
parameters

:����

areassumedto be learneda priori from theentiresequenceandsupplied
as constantsin the motif detectionprocess.) The symbols

: �

,
:

! , �

�

, � ! standfor
the parametersandmodelclassesin the respective submodels.Thus,the likelihoodof a
regulatorysequence� is:

�������

:

��� � �������������
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���
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��������� ���

:

!>���/!��

� ��� ���0���

:��

���

�

��������� ���

:

!>���/! �����0��	 ��� ���

: ���

� � (1)

where�! � �0������� . Notethat
:

! hereis notnecessarilyequivalentto theposition-speci�c
multinomialparameters

:

in Eq. 2 below, but is a genericsymbolfor theparametersof a
generalmodelof alignedmotif instances.
The model ���0���

:
�

���

�

� capturespropertiessuchas the frequenciesof differentmotifs
and the dependenciesbetweenmotif occurrences.Although specifyingthis model is an
importantaspectof motif detectionandremainslargely unexplored,we deferthis issueto
futurework. In thecurrentpaper, our focusis on capturingthe intrinsic propertieswithin
motifs that canhelp to improve sensitivity andspeci�city to genuinemotif patterns.For
this thekey lies in thelocal alignmentmodel���#" �0��������� ���

:

!����/!�� , which determinesthe
PWM of the motif. Dependingon the value of the latent indicator ��$ (a motif or not
at position % ), �

$ admitsdifferentprobabilisticmodels,suchasa motif alignmentmodel
or a backgroundmodel. Thussequence� is characterizedby a Bayesianmultinet [6], a
mixturemodelin which eachcomponentof themixtureis a speci�c nt-distributionmodel
correspondingto sequencesof a particularnature.Our goal in this paperis to developan
expressivelocalalignmentmodel���#" ����������� ���

:

!>���/!�� capableof capturingcharacteristic
site-dependenciesin motifs.
In the standardproduct-multinomial(PM) model for local alignment,the columnsof a
PWM areassumedto beindependent[9]. Thusthelikelihoodof amulti-alignment� is:
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Althoughapopularmodelfor many motif �nders, PM neverthelessis sensitiveto noiseand
randomor trivial recurrentpatterns,andis unableto capturepotentialsite-dependencies
insidethemotifs. Pattern-drivenauxiliary submodels(e.g.,thefragmentationmodel[10])
or heuristics(e.g.,split a ' two-block' motif into two coupledsub-motifs[9, 1]) have been
developedto handlespecialpatternssuchasthe U-shapedmotifs, but they arein�e xible
anddif�cult to generalize.Someof theliteraturehasintroducedvagueDirichlet priorsfor

- in the PM [2, 10], but they areprimarily usedfor smoothingratherthanfor explicitly
incorporatingprior knowledgesaboutmotifs.
We departfrom the PM modelandintroducea dynamichierarchicalBayesianmodelfor
motif alignment� , whichcapturessitedependenciesinsidethemotif sothatwecanpredict
biologicallymoreplausiblemotifs,andincorporateprior knowledgeof nucleotidefrequen-
ciesof generalmotif sites. In orderto keepthe local alignmentmodelour main focusas
well assimplifying thepresentation,weadoptanidealizedglobalmotif distributionmodel
called“one-per-sequence”[8], which, asthenamesuggests,assumeseachsequencehar-
borsonemotif instance(atanunknownlocation).Generalizationto moreexpressiveglobal
modelsis straightforwardandis describedin thefull paper.



3.2 Hidden Mark ov Dirichlet-Multinomial (HMDM) Model

In theHMDM model,we assumethat thereare � underlyinglatentnt-distribution proto-
types,accordingto whichposition-speci�cmultinomialdistributionsof nt aredetermined,
andthateachprototypeis representedby a Dirichlet distribution. Furthermore,thechoice
of prototypeat eachpositionin themotif is governedby a �rst-order Markov process.
Moreprecisely, amulti-alignment������; containing� motif instancesis generatedby the
following process.First we samplea sequenceof prototypeindicators�H� �����2��
�
�

����; �

from a �rst-order Markov processwith initial distribution � andtransitionmatrix 	 . Then
werepeatthefollowing for eachcolumn + �

��


��
�
�
 ��� � : (1) A componentfrom amixture
of Dirichlets � �

�

 

� � ��
�
�

�

 

��
 � , whereeach
 

����� ������� � ��
�
�

������� ' � , is pickedaccording
to indicator ��! . Saywe picked

 

� � . (2) A multinomialdistribution  -*! is sampledaccording
to ���  - �

 

� � � , theprobabilityde�ned by Dirichlet component� overall suchdistributions.(3)
All thenucleotidesin column + aregeneratedi.i.d. accordingto Multi �  -*!�� .
Thecompletelikelihoodof motif alignment������; characterizedby countingmatrix � is:
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Themajorrole of HMDM is to imposedynamicpriors for modelingdatawhosedistribu-
tionsexhibit temporalor spatialdependencies.As Figure2(b) makesclear, this modelis
notasimpleHMM for discretesequences.In suchamodelthetransitionwouldbebetween
theemissionmodels(i.e.,multinomials)themselves,andtheoutputat eachtime would be
a singledatainstancein the sequence.In HMDM, the transitionsarebetweendifferent
priorsof theemissionmodels,andthedirect outputof theHMM is theparametervector
of a generative model,which will be sampledmultiple timesat eachpositionto generate
randominstances.
This approachis especiallyusefulwhenwe have eitherempiricalor learnedprior knowl-
edgeaboutthedynamicsof thedatato bemodeled.For example,for thecaseof motifs,bi-
ologicalevidenceshow thatconservedpositions(manifestedby a low-entropy multinomial
nt-distribution) are likely to concatenate,andmaybeso do the lessconserved positions.
However, it is unlikely that conserved and lessconserved positionsare interpolated[4].
This is calledsiteclustering, andis oneof themainmotivationsfor theHMDM model.

4 Inferenceand Learning

4.1 Variational BayesianLearning

In orderto doBayesianestimationof themotif parameter- , andto predictthelocationsof
motif instancesvia � , weneedtobeableto computetheposteriordistribution ���0- � ��� , which
is infeasiblein a complex motif model.Thuswe turn to variationalapproximation[5]. We
seekto approximatethe joint posteriorover parametersandhiddenstates����-���� ����� � ��� �

with asimplerdistribution ,��0-"��� ��� �D�-,/.
�

�

�0-��)�2��,

�

�0�=� , where,/.
�

�

and ,0.
�

�

canbe,for
thetime being,thoughtof asfreedistributionsto beoptimized.UsingJensen's inequality,
we havethefollowing lower foundon thelog likelihood:
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Thus,maximizingthelower boundof thelog likelihood(call it B ��,

�

�C,
.

�

�

� ) with respect
to freedistributions ,

�

and ,
.

�

�

is equivalentto minimizing theKL divergencebetween
thetruejoint posteriorandits variationalapproximation.Keepingeither ,

�

or ,/.
�
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�x ed



andmaximizing B ��� � with respectto theother, we obtainthefollowing coupledupdates:
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���0� ����� -"��� ��) 	�� (6)

In our motif model,theprior andtheconditionalsubmodelsform a conjugate-exponential
pair (Dirichlet-Multinomial). It canbeshown that in this casewe canessentiallyrecover
the sameform of the original conditionalandprior distributions in their variationalap-
proximationsexceptthattheparameterizationis augmentedwith appropriateBayesianand
posteriorupdates,respectively:
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�0� � � ���0�������
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where
�

�

�0- �D� #

�
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(
�

��� � is thenaturalparameter)and
�

����������� � # ���0��������) 	 � .

As Eqs.7 and8 makeclear, thelocality of inferenceandmarginalizationon thelatentvari-
ablesis preservedin thevariationalapproximation,whichmeansprobabilisticcalculations
canbe performedin the prior andthe conditionalmodelsseparatelyanditeratively. For
motif modeling,this modularpropertymeansthat the motif alignmentmodelandmotif
distribution modelcanbetreatedseparatelywith a simpleinterfaceof theposteriormean
for themotif parametersandexpectedsuf�cient statisticsfor themotif instances.

4.2 Infer enceand learning

Accordingto Eq. 8, we replacethecountingmatrix � in Eq. 3, which is theoutputof the
HMDM model,by theexpectedcountingmatrix # �=) obtainedfrom inferencein theglobal
distribution model(we will handlethis later, thanksto the locality preservation property
of inferencein variationalapproximations),andproceedwith the inferenceasif we have
“observations” # �=) . Integratingover - , we have themarginaldistribution:
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a standardHMM with emissionprobability:
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We cancomputetheposteriorprobabilityof thehiddenstates�����*!��(#$� )�� andthematrix of
co-occurrenceprobabilities������! ���K!

'

� �9# �=)�� usingstandardforward-backwardalgorithm.
We next computetheexpectationof thenaturalparameters(which is

1<2

- for multinomial
parameters).Giventhe“observations” # �=) , theposteriormeanis computedasfollows:
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where R ����!�� is the posteriorprobability of the hiddenstate(an output of the forward-

backwardalgorithm)and S �0� � �UTWV X1Y�Z
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Following Eq.7, giventheposteriormeansof themultinomialparameters,computingthe
expectedcountingmatrix # �=) underthe the one-per-sequenceglobal modelfor sequence
set
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Bayesianestimatesof themultinomialparametersfor theposition-speci�cnt-distribution
of themotif areobtainedvia �x ed-pointiterationunderthefollowing EM-likeprocedure:

/ Variational E step: Computethe expectedsuf�cient statistic,the countmatrix
# �=) , via inferencein theglobalmotif modelgiven

�

�

��- ! �

)

� .
/ Variational M step: Computethe expectednaturalparameter

�

�

��-*! �

)

� via infer-
encein thelocalmotif alignmentmodelgiven # �=) .

This basicinferenceand learningprocedureprovidesa framework that scalesreadily to
morecomplex models.For example,themotif distribution model ���0�=� canbemademore
sophisticatedso as to model complex propertiesof multiple motifs suchas motif-level
dependencies(e.g.,co-occurrence,overlapsandconcentrationwithin regulatorymodules)
withoutcomplicatingtheinferencein thelocalalignmentmodel.Similarly, themotif align-
mentmodelcanalsobemoreexpressive (e.g.,a mixtureof HMDMs) without interfering
with inferencein themotif distributionmodel.

5 Experiments

We testtheHMDM modelon a motif collectionfrom ThePromoterDatabaseof Saccha-
romycescerevisiae(SCPD).Ourdatasetcontainstwentymotifs,eachhas6 to 32 instances
all of whichareidenti�ed via biologicalexperiments.
We begin with an experimentshowing how HMDM can captureintrinsic propertiesof
the motifs. The posteriordistribution of the position-speci�cmultinomial parameters- ,
re�ected in theparametersof theDirichlet mixtureslearnedfrom data,canreveal thent-
distributionpatternsof themotifs. Examiningthetransitionprobabilitiesbetweendifferent
Dirichlet componentsfurther tells us the aboutdependenciesbetweenadjacentpositions
(which indirectly revealsthe “shape”information). We setthe total numberof Dirichlet
componentsto be 8 basedon an intelligent guess(using biological intuition), and Fig-
ure3(a)showstheDirichlet parameters�tted from thedatasetvia empiricalBayesestima-
tion. Among the8 Dirichlet components,numbers1-4 favor a puredistribution of single
nucleotidesA, T, G, C, respectively, suggestingthey correspondto “homogeneous”proto-
types.Whereasnumbers7 and8 favor a nearuniform distribution of all 4 nt-types,hence
“heterogeneous”prototypes.Components5 and6 aresomewhatin between.Suchpatterns
agreewell with thebiologicalde�nition of motifs. Interestingly, from thelearnedtransition
modelof theHMM (Figure3(b)), it canbeseenthat the transitionprobability from a ho-
mogeneousprototypeto a heterogeneousprototypeis signi�cantly lessthanthatbetween
two homogeneousor two heterogeneousprototypes,con�rming an empiricalspeculation
in biology thatmotifshave theso-calledsiteclusteringproperty[4].
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Figure3: (a)Dirichlet hyperparameters.(b) Markov transitionmatrix. (c) Boxplotsof hit andmishit
rateof HMDM(1) andPM(2)on two motifs usedduringHMDM training.

Are themotif propertiescapturedin HMDM usefulin motif detection?We �rst examine
anHMDM trainedonthecompletedatasetfor its ability to detectmotifsusedin trainingin
thepresenceof a “decoy”: a permutedmotif. By randomlypermutingthepositionsin the



motif, theshapesof the“U-shaped”motifs (e.g.,abf1andgal4) changedramatically.2 We
inserteachinstanceof motif/decoy pair into a300-500bprandombackgroundsequenceat
randomposition � and ��� .3 We allow a � 3 bpoffsetasa tolerancewindow, andscorea hit
when � 	����	�
���

=

� (andamis-hitwhen � � 	��
���
��� �

=

� ), where� is theposition
whereamotif instanceis found.The(mis)hit rateis theproportionof (mis)hitsto thetotal
numberof motif instancesto befoundin anexperiment.Figure3(c)showsaboxplotof the
hit andmishit rateof HMDM on abf1andgal4 over 50 randomlygeneratedexperiments.
Notethedramaticcontrastof thesensitivity of theHMDM to truemotifs comparedto that
of thePM model(which is essentiallytheMEME model).
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 (a) truemotif only (b) truemotif + decoy
Figure4: Motif detectionon anindependenttestdataset(the8 motifs in Figure1(a)). Four models
usedareindexedas:1. HMDM(bell); 2. HMDM(U); 3. HMDM-mixture; 4. PM. Boxplotof hit-rate
is for 80 randomlygeneratedexperiments(thecenterof thenotchis themedian).

How well doesHMDM generalize?We split our datainto a trainingsetanda testingset,
andfurtherdivide the trainingsetroughlybasedon bell-shapedandU-shapedpatternsto
train two differentHMDMs, respectively, and a mixture of HMDMs. In the �rst motif
�nding task,we aregivensequenceseachof which hasonly onetrue motif instanceat a
randomposition. Theresultsaregiven in Figure4(a). We seethat for 4 motifs, usingan
HMDM or the HMDM-mixturessigni�cantly improvesperformanceover PM model. In
threeothercasesthey arecomparable,but for motif mcb, all HMDM modelslose.Notethat
mcbis very“conserved,” which is in fact“atypical” in thetrainingset.It is alsoveryshort,
whichdiminishestheutility of anHMM. Anotherinterestingobservationfrom Figure4(a)
is that even whenboth HMDMs performpoorly, the HMDM-mixtures canstill perform
well (e.g.,mat-a2), presumablybecauseof the extra �e xibility provided by the mixture
model.
Thesecondtaskis morechallengingandbiologically morerealistic,wherewe have both
thetruemotifsandthepermuted“decoys.” We show only thehit-rateover80experiments
in Figure4(b). Again, in mostcasesHMDM or theHMDM mixtureoutperformsPM.

6 Conclusions

Wehavepresentedagenerativeprobabilisticframework for modelingmotifs in biopolymer
sequences.Naively, categorical randomvariableswith spatial/temporaldependenciescan
bemodeledby a standardHMM with multinomialemissionmodels.However, thelimited
�e xibility of eachmultinomialdistributionandtheconcomitantneedfor apotentiallylarge
numberof statesto modelcomplex domainsmayrequirea largeparametercountandlead
to over�tting. Thein�nite HMM [3] solve this issueby replacingtheemissionmodelwith
a Dirichlet processwhich providespotentiallyin�nite �e xibility . However, this approach
is purely data-drivenandprovidesno mechanismfor explicitly capturingmulti-modality

2By permutationwe meaneachtime thesamepermutedorderis appliedto all theinstancesof a
motif sothatthemultinomialdistributionof eachpositionis not changedbut their orderchanged.

3We resistedthe temptationof using biological backgroundsequencesbecausewe would not
know if andhow many othermotifsarein suchsequences,whichrendersthemill-suited for purposes
of evaluation.



in theemissionandthetransitionmodelsor for incorporatinginformativepriors. Further-
more,whenthe outputof the HMM involveshiddenvariables(as for the caseof motif
detection),inferenceandlearningis furthercomplicated.
HMDM assumesthatpositionaldependenciesareinducedatahigherlevel amongthe�nite
numberof informative Dirichlet priors ratherthanbetweenthe multinomialsthemselves.
Within suchaframework,wecanexplicitly capturethemulti-modalitiesof themultinomial
distributionsgoverningthecategoricalvariable(suchasmotif sequencesat differentposi-
tions) andthe dependenciesbetweenmodalities,by learningthe modelparametersfrom
trainingdataandusingthemfor futurepredictions.In motif modeling,suchastrategy was
usedto capturedifferentdistribution patternsof nucleotides(homogeneousandheteroge-
neous) andtransitionpropertiesbetweenpatterns(siteclustering). Sucha prior provesto
bebene�cial in searchingfor unseenmotifsin ourexperimentandhelpsto distinguishmore
probablemotifs from biologicallymeaninglessrandomrecurrentpatterns.
Although in the motif detectionsettingthe HMDM model involvesa complex missing
dataproblemin which both the outputandthe internalstatesof the HMDM arehidden,
we show that a variationalBayesianlearningprocedureallows probabilisticinferencein
the prior modelof motif sequencepatternsandin the global distribution modelof motif
locationsto be carriedout virtually separatelywith a Bayesianinterfaceconnectingthe
two processes.This divide andconquerstrategy makes it mucheasierto develop more
sophisticatedmodelsfor variousaspectsof motif analysiswithout beingoverburdenedby
thesomewhatdauntingcomplexity of thefull motif problem.
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